There exist precisely 914, 58 and 46 equivariant types of tile-transitive tilings of 3-dimensional euclidean space by topological cubes, octahedra and tetrahedra, that fall into 11, 3, and 9 topological families, respectively. Representatives are described for all topological families. A general method for obtaining results of this kind is introduced.
Introduction
Of the ve regular platonic solids, only the cube tiles euclidean space, and it does so in precisely one way (requiring, as we shall, that tilings be face-toface). What is the situation if we consider tile-transitive tilings by topologically platonic solids, i.e. by topological polyhedra that are homeomorphic to one of the platonic solids, but possibly less symmetric?
We discuss this question in a series of two papers. In this, the rst paper, we state that there exist precisely 914, 58 and 46 equivariant types of tiletransitive tilings of euclidean space by topological cubes, octahedra, and tetrahedra, in 11, 3, and 9 topological families, respectively. In a second paper we will discuss the dodecahedron and icosahedron.
In Section 2 we recall some basic de nitions. This is followed by a presentation of the classi cation results in Section 3. We give a detailed description of each of the topological families in Fig. 1{23 , including straight edge representatives for 22 of the 23 families. (It can be shown that the topological type CT8 does not possess a representative with straight edges.) Moreover, we determine precisely which convex tetrahedra give rise to tile-transitive tilings. Finally, in Section 4 we introduce a general method for obtaining results of this kind, the main step of which was recently developed by the rst named author Del94]. This work generalizes earlier methods and con rms previous results obtained in a number of special cases DHM93, MP94, Mol94, Pro94, MP97] .
The enumeration presented here is just a rst example of the results obtainable by our approach. Our method is by no means restricted to platonic solids, i.e. in principal it can be used for any type of 3-dimensional topological polyhedron, and it is not restricted to tile-transitive tilings, i.e. it can easily be adapted to enumerate tilings with more than one class of tiles, as we will discuss in a forthcoming paper.
Finally, note that results of this kind have applications in structural chemistry. For example, by dualization, representatives of each of the 9 topological types of tile-transitive tilings by tetrahedra give rise to a vertextransitive tiling with tetrahedral vertices. Interpreting each vertex as a 4-valent \T-atom" and each edge as a \T-O-T-bond", these tilings correspond to zeolite structures Smi88].
De nitions
Let X be a simply connected manifold. A system (T ; ?), consisting of a tiling T of X and a group of homeomorphisms ? of X with ?(T ) := f T j 2 ?; T 2 T g = T is called an (equivariant) Moreover, all tilings considered are polyhedral in the sense that each tile is a topological polyhedron, i.e. a topological ball whose surface is tiled by a nite set of 2-dimensional faces with the usual properties. In particular, by a topological cube we mean a topological polyhedron whose edge skeleton is isomorphic to the edge skeleton of a regular cube, etc.
The Classi cation
In this section we present our results. First we state the three main theorems. polygon contains a small circle which speci es a ag of the tile, i.e. a triple (v; e; f) consisting of a vertex v, an edge e and a face f, with v e f.
Additional circles indicate the ? T -orbit of and thus unambiguously de ne the action of ? T on T.
Second, further abstract generators for the symmetry group ? can be obtained from the diagram as follows. The generators are given by adjacency transformations de ned by admissible face pairings. Two faces form an admissible pair, if they are both marked by the same capital letter A; B; C; : : : and precisely one carries a plus sign, the other one a minus sign, e.g. A+ and A?. Note that the position of the letter is important, as it corresponds to a ag (as above), and the pairing is understood to map letter onto letter (i.e. ag onto ag). A face that does not contain a letter is paired with itself by the identity pairing.
Moreover, one can obtain a set of de ning relations for the group ? in a straight-forward manner, similar to the method described in Vin93] Comments. Types CT2, CT7 and CT9 can all be derived from the well-known tiling by rhombic dodecahedra (c.f. Wil79]) by splitting each rhombic dodecahedron D into four congruent topological cubes, using the center of D as a new vertex. If we x the spatial orientation of D, then there are precisely two di erent ways to split D. If all dodecahedra are split in the same way, then we obtain CT2, whereas in the two other cases each dodecahedron has precisely four neighbors that are split in the same way. Splitting layers of dodecahedra alternatingly gives rise to CT7, whereas CT9 is obtained by using yet another pattern of splitting. Tilings CT3 and CT4 are based on two-dimensional tilings. Type CT5 is obtained from TT1 by splitting each tetrahedron into four congruent topological cubes, using original face and tile centers as new vertices. We may regard CT6 as a (non face-to-face) tiling by triangular prisms. Type OT1 (or OT3) can be derived from the cube tiling CT1 (or CT2, respectively) by constructing a bipyramid over each face, using the centers of the adjacent cubes as apices. In OT2, three octahedra meet at a common edge joining with three screw-rotated copies to form a \hexagonal skew prism". These are stacked into \in nite hexagonal prisms", which ll space in a regular hexagon pattern. To obtain TT1, one splits each bypiramid of OT1 into four tetrahedra along the line connecting the two apices. Type TT1 gives rise to TT3 by splitting each tile along a mirror plane and to TT4 by subdividing each tile into four, using the tile center as a new vertex. Type TT7 is obtained from TT1 by splitting each original tile into two new tetrahedra along a twofold symmetry axis not lying on a mirror plane. Barycentric subdivision of CT1 produces TT5, which also is a subdivision of TT3. We obtain TT6 and TT8 by considering the two possible ways of splitting tiles of TT5 into two new tetrahedra along a twofold symmetry axis. Types TT2 and TT8 have congruent tiles, but di er by rotations of certain quadruples of tiles by =2. Type TT9 can be regarded as a decomposition of a tiling by triangular prisms, in which each prism is split into six congruent tetrahedra.
By detailed comparison, our results con rm the classi cation of 298 equivariant types of fundamental tilings in topological family CT1 in Pro94]. We obtain precisely the same classi cation of tile-transitive tilings of euclidean space by tetrahedra as contained in MP94, MP97] . The tilings in our classi cation that have the additional property of being face-transitive coincide with those enumerated in DHM93] and the following four topological families occur there: CT1 1, CT2 13, OT1 9 and TT1 10.
Which Convex Tetrahedra Tile Space?
As mentioned above, the cube is the only regular platonic solid that tiles euclidean space. Aristotles wrongly asserted that the regular tetrahedron also does. This lead to confusion in the past. Thus, the question`Which tetrahedra ll space?' has received much mathematical attention Sen81]. The classi cation of tile-transitive tilings by topological tetrahedra can be used to give an answer in the tile-transitive case.
For this purpose, we consider all possible convex realizations of each of the 46 equivariant types. Using methods described in Del94], one can determine the group of linear components of the involved symmetries and thus formulate and solve a system of linear equations for the vertex positions of a tile. The examination of the arising solution spaces can be simpli ed by the following fact: If (T 0 ; ? 0 ) is derived by symmetry breaking from (T ; ?), and if the dimension of the solution space for (T 0 ; ? 0 ) is the same as for (T ; ?), then the symmetry breaking can only be \realized" by bending edges or faces, i.e. by using nonconvex tiles. Application of this fact reduces the number of equivariant types of tilings to be examined to 11, namely the 9 maximal representatives for each family and, in addition, two symmetry breakings of TT1.
By examination, tiling types TT1{TT8 have unique convex realizations up to similarity. Tilings TT2 and TT8, though topologically di erent, have identical tiles. Type TT9 has a one-parameter family of realizations, which is obtained by scaling along the vector (1; 1; 1), the direction of an edge of degree 6 (c.f. Figure 23 ). The rst of the two symmetry breakings of TT1, which we will denote by TT1 0 , leads to a second one-parameter family, again by scaling e.g. along the vector (1; 1; 1), the direction of an edge of degree 6 (c.f. Figure 15) . The second symmetry breaking of TT1 is a symmetry breaking of TT1 0 with a solution space of one dimension higher. However, the additional degree of freedom results from the fact that the whole tiling can be rotated around an axis of direction (1; 1; 1) without changing the linear components of the symmetries, thus the convex realizations are the same as for TT1 0 .
In Sen81], the derivation of space-lling convex tetrahedra by splitting certain classes of triangular prisms, as worked out by Sommerville Som23a, Som23b] , is discussed. The author states that \all known" such tetrahedra can be obtained from Sommerville's four families of prisms. These, as is easy to see, lead to just two families of space-lling tetrahedra, which in fact correspond to our types TT1 and TT1 0 . Moreover, it turns out that TT9 can be obtained from TT1 0 , and TT2{TT7 can be obtained from TT1 by \splitting" tetrahedra (see Sen81] for a discussion of this concept).
We conclude that there exist precisely 7 singular and 2 in nite families of convex tetrahedra that tile space tile-transitively. All such tetrahedra can be obtained by splitting triangular prisms. Moreover, these results imply that the collection of space-lling convex tetrahedra discussed in Sen81] is complete in the case of tile-transitive tilings.
The General Approach
In this section we introduce a general approach to classi cation problems of the kind treated in this paper. It is not restricted to platonic solids, e.g. in principal it can be used for any type of 3-dimensional polyhedron, and it is not restricted to tile-transitive tilings, i.e. it can easily be adapted to enumerate tilings with more than one class of tiles, as we will show in a future paper. Additionally, one must solve the isomorphism problem, i.e. ensure that only one representative for each equivariant type is generated and moreover, one must determine a representative for each topological type.
Outline of Algorithm

Delaney Symbols
The theory of Delaney symbols, introduced by Andreas Dress Dre84, Dre87], provides a suitable combinatorial model for formulating, studying and solving classi cation problems concerning periodic tilings of simply connected manifolds. A number of algorithms and programs are based on this approach, see e.g. Hus93, DDH95, DH97]. In the 2-dimensional case and in certain 3-dimensional geometries including euclidean 3-space, it can be shown that a homomorphic image of a realizable Delaney symbol is always realizable (c.f. MS86, Del94]). Moreover, for each Delaney symbol, there is a unique smallest homomorphic image. Thus, maximal tilings correspond to smallest homomorphic images and are unique for each topological family, which justi es our earlier claim that maximal tilings in E 3 are equivariantly equivalent if and only they are topologically equivalent. For a detailed discussion of the 3-dimensional case, see DHM93].
Combinatorial Formulation of Algorithm
First, let us consider step (A1) of the algorithm. The tetrahedron, octahedron, cube, icosahedron and dodecahedron give rise to 11, 33, 33, 22 and 22 di erent equivariant polyhedra, respectively. These can be obtained by systematic application of symmetry-breaking, as discussed, for example, in DH91].
In (A2), assume that we are given an equivariant topological polyhedron (P; In (A4), for a given Delaney symbol one must solve the (euclidean) existence problem, i.e. decide whether the symbol does indeed correspond to some periodic tiling of 3-dimensional euclidean space. By careful application of symmetry-breaking to the Delaney symbol, this can be reduced to the task of deciding whether the topological realization of a given 3-dimensional triangulation is homeomorphic to the 3-dimensional torus Del94]. In principal, this problem is algorithmically decidable using the concept of irreducible surfaces and methods for recognition of the 3-torus and 3-sphere Hak61, Hak62, Rub95], however an implementation of this algorithm does not seem practical.
Recently, the rst named author has established Del94] that in many cases this question can be solved by application of standard methods from group theory S + 95] combined with simpli cation steps suggested by Wolfgang Haken Hak92] . Although all cases considered in our investigation were decidable in this way, our method is not guaranteed to reach a decision and thus it is not an algorithm in the strict sense.
To solve the isomorphism problem, we de ne a canonical numbering of all Delaney symbols and then ensure that for each isomorphism class we only produce the element with the smallest number. To be precise, after every step of the algorithm we check whether the current partially de ned Delaney symbol can be rearranged to produce a smaller number, in which case we backtrack.
Obviously, the number of possible Delaney symbols grows exponentially and it has proven crucial to check certain necessary conditions as early as possible in stages (A2) and (A3). One such condition is that the 2-dimensional sub-symbols of the partial 3-dimensional Delaney symbol must be spherical DHM93]. A second condition is based on the concept of an orbifold graph DH97]. For a given symmetry group, this graph represents the singularity skeleton of the associated orbifold Thu97]. This (partial) graph can be extracted from a (partial) Delaney symbol and compared with all di erent graphs arising from 3-dimensional euclidean space groups, see DH97] for details. At present our programs can deal with Delaney symbols with up to approximately 100 elements.
Finally, in (A5) one can formulate a system of linear equations for the coordinates of the constituents of the tiling. In simple cases, the number of parameters resulting from these necessary conditions is small and they can easily be adjusted to obtain a realization, using simple optimization methods.
